
1. Do not look at the test before the proctor starts the round.

2. This test consists of several problems, some of which are short-answer and some of which
require proofs, to be solved within a time frame of 60 minutes. There are 63 points total.

3. Answers should be written and clearly labeled on sheets of blank paper. Each numbered
problem should be on its own sheet. If you have multiple pages, number them as well (e.g.
1/3, 2/3).

4. Write your team ID on the upper-right corner and the problem and page number of the
problem whose solution you are writing on the upper-left corner on each page you submit.
Papers missing these will not be graded. Problems with more than one submission will not
be graded.

5. Write legibly. Illegible handwriting will not be graded.

6. In your solution for any given problem, you may assume the results of previous problems,
even if you have not solved them. You may not do the same for later problems.

7. Problems are not ordered by difficulty. They are ordered by progression of content.

8. No computational aids other than pencil/pen are permitted.

9. If you believe that the test contains an error, submit your protest in writing to the registration
desk on the first floor of the University Center by the end of lunch.



This Power Round will examine a variant of the classic Concentration game.
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1 Permutations

Let A = {a1, a2, . . . , an} be a set of size n.

• A permutation of A is a bijection σ : A→ A. In other words, a permutation is a way of rearranging the order
of the elements in a set, so if you list out the elements of A in some order

a1, a2, . . . , an

you rearrange them to get
σ(a1), σ(a2), . . . , σ(an)

• We can multiply two permutations σ1, σ2 in the way we compose functions, i.e., σ1σ2 is the permutation
sending ai to σ1(σ2(ai)). Intutively, this is equivalent to first rearranging the elements of A according to σ2
and then according to σ1.

• The product of two permutations is still a permutation.

• We denote σk to be σσ . . . σ, where σ is multiplied with itself k times.

• Let SA denote the set of all permutations of the set A. We will use the abuse of notation Sn to denote the
set of permutations of the set {1, 2, . . . , n}, i.e., Sn = S{1,2,...,n}.

• We can represent a permutation in the following way:(
1 2 3 4 5
3 1 5 4 2

)
∈ S5

which corresponds to the permutation sending 1 to 3, 2 to 1, 3 to 5, etc.

• We call a permutation σ ∈ Sn a k-cycle or a cycle of length k if there are distinct integers a1, a2, . . . , ak such
that

σ(a1) = a2, σ(a2) = a3, . . . , σ(ak) = a1

and σ(i) = i for all i 6∈ {a1, a2, . . . , ak}. In this case, we denote the permutation by (a1, a2, . . . , ak). For
example, we now have two different notations for the permutation

(1, 5, 2) =

(
1 2 3 4 5
5 1 3 4 2

)



• Two cycles are called disjoint if none of their elements are the same. For example, (1, 2, 3) and (4, 5, 6) are
disjoint, but (1, 2, 3) and (3, 4, 5) are not since they share 3.

• Every permutation can be written as the product of disjoint cycles. This representation is unique, up to
rearranging the order in which we write them. One “proof by picture” of this fact is that you can always draw
a diagram similar to this:

This picture illustrates the cycle decomposition of(
1 2 3 4 5 6 7
2 4 3 5 1 7 6

)
= (1, 2, 4, 5)(3)(6, 7).

Above, writing adjacent cycles indicates multiplication of cycles (which is the same as composition).

Problem 1.1 (3 points)

The following parts are each worth 1 point.

(a) Give an expression for |Sn|, the number of elements in Sn, in terms of n.

(b) Let σ, τ ∈ S6 be the permutations σ = (3, 1, 4, 2) and τ = (1, 2, 6, 5). Compute στ and write it as a product
of disjoint cycles.

(c) Let σ and τ be as above. Compute (στ)2018.

Problem 1.2 (2 points)

Prove the last bullet point: every permutation can be written as the product of disjoint cycles.

2 Concentration

There is a classical memory game called concentration that you can play with a deck of cards. Let N be a positive
integer, and suppose that you have a deck of 2N cards labeled 1, 1, 2, 2, . . . , N , N . (Cards with the same value
are indistinguishable.)

You start by shuffling the deck of cards and lay them face-down on a table in front of you. At each turn, you
pick two face-down cards and flip them face-up.

• If they do not match, you flip them back over.

• If the cards match, then those cards remain face-up for the rest of the game.

The game ends when all the cards are face-up.
Throughout the entire game, we will assume you have a perfect memory.



Problem 2.1 (4 points)

Normal concentration isn’t that fun if you play it with a perfect memory. Find a strategy that is guaranteed
to finish the game in at most 2N moves.

Problem 2.2 (6 points)

Consider the following strategy: each turn you choose a pair of cards uniformly at random from the set of
pairs of face-down cards, until all cards are turned face-up. (That is, each turn you play perfectly randomly.)
What is the expected number of turns this strategy will take?

3 Crazy Concentration

Consider a variant of this game called crazy concentration. This game is like concentration, except that in addition
to the shuffled cards, a permutation σ ∈ S2N is fixed, but hidden from the player. This is called the mystery
permutation. Then the following modification is made:

At the end of each turn, the player closes their eyes and the cards are rearranged according to the
permutation σ, meaning the card in the ith position from the left is placed in the σ(i)th position instead.

Note that cards that are flipped face-up remain face-up even during the rearrangement. The diagram below shows
an excerpt of a game with 2N = 6, after which two cards have already been matched. The mystery permutation is
given by

σ =

(
1 2 3 4 5 6
1 3 4 2 6 5

)
.



Problem 3.1 (4 points)

Show that if the mystery permutation is told to you, then you can guarantee finishing the game in at most 2N
moves.

Problem 3.2 (3 points)

Find a strategy which is guaranteed to finish crazy concentration in at most (2N) · (2N)! turns.

4 Extreme Concentration

Extreme concentration is like crazy concentration (with the mystery permutation σ shuffling the cards after each
turn), with two changes:

• The deck is labeled {1, . . . , 2N} instead of having two copies each of {1, . . . , N}. Thus, cards can never be
matched to each other, and are always turned face down again after being flipped.

• The win condition is changed to the following: the player wins if on any turn they can deduce with 100%
certainty the positions of each of the 2N cards.

At first glance, extreme concentration seems like it is even harder than crazy concentration. However, it turns out
it is in some sense easier: it can be won in just 2N moves with perfect memory!

Here is the strategy for extreme concentration. Let i = 1 and j = 2N at the beginning of the algorithm. Then
repeat the following steps:

1. Flip the cards at position i and j.

• If we have seen the card at position i at any point in the past, then we increment i by one. (Otherwise,
we do not change i.)

• If we have seen the card at position j at any point before, then we decrement j by one. (Otherwise, we
do not change j.)

2. Terminate the algorithm if i ≥ j.

Problem 4.1 (8 points)

Show that the algorithm terminates in exactly 2N turns.

Problem 4.2 (8 points)

Show that the observations from this algorithm are sufficient to win the game.

5 Face-Up Cards

Now back to normal crazy concentration. Suppose at the start of the game, we flip the cards in positions i and j
and find that they match! These cards thus remain face-up for the rest of the game (and we observe their movement
under the mystery permutation σ). Let’s see how much information we can get out of this.

For the problems in this section, suppose that the indices i and j are part of cycles Ci and Cj in σ, which have
lengths ci and cj , respectively, that we are trying to figure out. (To determine Ci means to figure out the indices
in Ci; equivalently, to compute σn(i) for any integer n.)



Problem 5.1 (6 points)

Find a strategy which guarantees at least one of the following two things:

• the strategy proves that ci = cj , or

• the strategy proves that ci 6= cj , determines the value of min{ci, cj}, and determines which of ci and cj
is smaller.

Problem 5.2 (6 points)

Assume that ci 6= cj (but the player does not know this in advance).

(a) Show that after 2 ·min{ci, cj} − 1 turns, we can determine either of Ci or Cj .

(b) Show that after max{2 ·min{ci, cj} − 1, ci, cj} turns, we can completely figure out both of Ci and Cj .

Problem 5.3 (8 points)

Assume that ci = cj now (but the player does not know this in advance). Find a strategy which guarantees at
least one of the following two things, in at most 3ci turns:

• the strategy determines both cycles Ci and Cj completely (which may even be the same cycle), or

• all 2ci cards are matched (and thus remain face up thereafter).

6 Your Turn

Problem 6.1 (5 points)

What other observations or strategies could speed up the number of turns it takes to solve crazy concentration?
Describe as many as you can come up with, and for each observation briefly discuss how it might lead to a
better strategy.


