
Algebra Individual Finals

1. For all real numbers r, denote by {r} the fractional part of r, i.e. the unique real number s ∈ [0, 1) such that
r − s is an integer. How many real numbers x ∈ [1, 2) satisfy the equation

{
x2018

}
=
{
x2017

}
?

2. Compute the sum of the digits of

2018∏
n=0

(
102·3

n

− 103
n

+ 1
)(

102·3
n

+ 103
n

+ 1
)
.

3. Let a be a complex number, and set α, β, and γ to be the roots of the polynomial x3 − x2 + ax− 1. Suppose

(α3 + 1)(β3 + 1)(γ3 + 1) = 2018.

Compute the product of all possible values of a.



Combinatorics Individual Finals

1. How many nonnegative integers with at most 40 digits consisting of entirely zeroes and ones are divisible by
11?

2. John has a standard four-sided die. Each roll, he gains points equal to the value of the roll multiplied by the
number of times he has now rolled that number; for example, if his first rolls were 3, 3, 2, 3, he would have
3 + 6 + 2 + 9 = 20 points. Find the expected number of points John will have after rolling the die 25 times.

3. Let F be a family of subsets of {1, 2, . . . , 2017} with the following property: if S1 and S2 are two elements of
F with S1 ( S2, then |S2 \ S1| is odd. Compute the largest number of subsets F may contain.



Computer Science Individual Finals

1. The distance between two vertices in a connected graph is defined to be the length of the shortest path
between them. How many graphs with the vertex set {0, 1, 2, . . . , 6} satisfy the following property: there are
3 vertices of distance 1 away from vertex 0, 2 of distance 2 away, and 1 of distance 3 away?

2. Determine the largest number of steps for gcd(k, 76) to terminate over all choices of 0 < k < 76, using the
following algorithm for gcd. Give your answer in the form (n, k) where n is the maximal number of steps and
k is the k which achieves this. If multiple k work, submit the smallest one.

1: FUNCTION gcd(a, b):
2: IF a = 0 RETURN b
3: ELSE RETURN gcd(b mod a, a)

3. For n ∈ N, let x be the solution of xx = n. Find the asymptotics of x, i.e., express x = Θ(f(n)) for some
suitable explicit function of n.



Geometry Individual Finals

1. Let ABC be a triangle with AB = 9, BC = 10, CA = 11, and orthocenter H. Suppose point D is placed on
BC such that AH = HD. Compute AD.

2. Suppose ABCD is a trapezoid with AB ‖ CD and AB ⊥ BC. Let X be a point on segment AD such that
AD bisects ∠BXC externally, and denote Y as the intersection of AC and BD. If AB = 10 and CD = 15,
compute the maximum possible value of XY .

3. Let ABC be a triangle with incircle ω and incenter I. The circle ω is tangent to BC, CA, and AB at D, E,
and F respectively. Point P is the foot of the angle bisector from A to BC, and point Q is the foot of the
altitude from D to EF . Suppose AI = 7, IP = 5, and DQ = 4. Compute the radius of ω.



Number Theory Individual Finals

1. Alex has one-pound red bricks and two-pound blue bricks, and has 360 total pounds of brick. He observes
that it is impossible to rearrange the bricks into piles that all weigh three pounds, but he can put them in
piles that each weigh five pounds. Finally, when he tries to put them into piles that all have three bricks, he
has one left over. If Alex has r red bricks, find the number of values r could take on.

2. How many integer values of k, with 1 ≤ k ≤ 70, are such that xk − 1 ≡ 0 (mod 71) has at least
√
k solutions?

3. Determine the number of integers a with 1 ≤ a ≤ 1007 and the property that both a and a+ 1 are quadratic
residues mod 1009.


