
1. Do not look at the test before the proctor starts the round.

2. This test consists of 10 short-answer problems to be solved in 60 minutes. Each question is
worth one point.

3. Write your name, team name, and team ID on your answer sheet. Circle the subject of the
test you are currently taking.

4. Write your answers in the corresponding boxes on the answer sheets.

5. No computational aids other than pencil/pen are permitted.

6. Answers must be reasonably simplified.

7. If you believe that the test contains an error, submit your protest in writing to the registration
desk on the first floor of the University Center by the end of lunch.



Combinatorics
1. Ninety-eight apples who always lie and one banana who always tells the truth are randomly arranged along a

line. The first fruit says “One of the first forty fruit is the banana!” The last fruit responds “No, one of the
last forty fruit is the banana!” The fruit in the middle yells “I’m the banana!” In how many positions could
the banana be?

2. Compute the number of ways to rearrange nine white cubes and eighteen black cubes into a 3 × 3 × 3 cube
such that each 1× 1× 3 row or column contains exactly one white cube. Note that rotations are considered
distinct.

3. Michelle is at the bottom-left corner of a 6 × 6 lattice grid, at (0, 0). The grid also contains a pair of one-
time-use teleportation devices at (2, 2) and (3, 3); the first time Michelle moves to one of these points she is
instantly teleported to the other point and the devices disappear. If she can only move up or to the right in
unit increments, in how many ways can she reach the point (5, 5)?

4. At CMU, the A and the B buses arrive once every 20 and 18 minutes, respectively. Kevin prefers the A bus
but does not want to wait for too long. He commits to the following waiting scheme: he will take the first A
bus that arrives, but after waiting for five minutes he will take the next bus that comes, no matter what it is.
Determine the probability that he ends up on an A bus.

5. Victor shuffles a standard 54-card deck then flips over cards one at a time onto a pile stopping after the first
ace. However, if he ever reveals a joker he discards the entire pile, including the joker, and starts a new pile;
for example, if the sequence of cards is 2-3-Joker-A, the pile ends with one card in it. Find the expected
number of cards in the end pile.

6. Richard rolls a fair six-sided die repeatedly until he rolls his twentieth prime number or his second even
number. Compute the probability that his last roll is prime.

7. Nine distinct light bulbs are placed in a circle, each of which is off. Determine the number of ways to turn on
some of the light bulbs in the circle such that no four consecutive bulbs are all off.

8. Fred and George play a game, as follows. Initially, x = 1. Each turn, they pick r ∈ {3, 5, 8, 9} uniformly at
random and multiply x by r. If x + 1 is a multiple of 13, Fred wins; if x + 3 is a multiple of 13, George wins;
otherwise, they repeat. Determine the probability that Fred wins the game.

9. Compute the number of rearrangements a1, a2, . . . , a2018 of the sequence 1, 2, . . . , 2018 such that ak > k for
exactly one value of k.

10. Call a set S ⊆ {0, 1, . . . , 14} sparse if x+ 1 (mod 15)1 is not in S whenever x ∈ S. Find the number of sparse
sets T such that the sum of the elements of T is a multiple of 15.

1here referring to the remainder when x+ 1 is divided by 15


