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Computer Science Solutions Packet

1. For how many distinct ordered triples (a, b, ¢) of boolean variables does the expression a V (b A ¢) evaluate to
true?

Proposed by Cody Johnson

Solution. If @ is true, then we can have four assignments of (b A ¢), since (b A ¢) can be anything. If a is
false, then we can have one assignment of (bAc¢), since (bAc¢) must be true. Thus, the total number of distinct
ordered triples of boolean variables that make the expression evaluate to true is .

2. In concurrent computing, two processes may have their steps interwoven in an unknown order, as long as the
steps of each process occur in order. Consider the following two processes:

Process‘ A B

Stepl |x+2—4 x+x-5
Step2 | z+z-3 x4+ x-4
Step3 |z x—4 z+x—-5
Step4d | z+x-3 xx-4

One such interweaving is A1, B1, A2, B2, A3, B3, B4, A4, but A1, A3, A2, A4, B1, B2, B3, B4 is not since
the steps of A do not occur in order. We run A and B concurrently with x initially valued at 6. Find the
minimal possible value of z among all interweavings.

Proposed by Joshua Siktar

Solution. Consider the first two steps of A and B. Be it A or B, we must execute some step 2 within
the first three steps of the concurrent process. Since we multiply x by a positive number in either step 2, we
would like to minimize x before it is multiplied. Thus, we execute step 1 of both A and B first, which gives
us x = (6 —4) — 5 = —3 in the first two steps of the concurrent process.

Now, we must multiply x by 3 or 4, which makes the absolute value of x at least 9. Thus, multiplying later
will beat the x that we multiply early. So, we know that steps 4 of A and B will come last.

We just need to figure out how to execute steps 2 and 3. If we execute steps 2 of A and B first, we get
(—=3-3-4) —4— 5= —45. If we execute step 2 of A first, we get (—3-3—4)-4 —5 = —57. If we execute step
2 of B first, we get (=3-4—5)-3 —4 = —55.

Thus, we choose to execute step 2 of A first and achieve a minimum value of x of —57-3-4 = .

3. Sophia writes an algorithm to solve the graph isomorphism problem. Given a graph G = (V, E), her algorithm
iterates through all permutations of the set {vy, ..., vy}, each time examining all ordered pairs (v;,v;) € VxV
to see if an edge exists. When |V| = 8, her algorithm makes N such examinations. What is the largest power
of two that divides N7

Proposed by Cody Johnson

Solution. If n := |V4], then the number of pairs of vertices (u, v) is n2. The number of bijections ¢ : V; — Va
is n! when |V;| = |Vz|, so we have must test for n? - n! pairs of vertices. Let va(m) be the highest power of 2
dividing m. Then, when n = 8, then N = 82 - 8! and the largest integer k such that N/2* is an integer is

k= va(8%) + v2(8))
-oe g[8« L2

(We will also accept 2% = 8192.)
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4. Given a list A, let f(A) = [A[0] + A[1], A[0] — A[1]]. Alef makes two programs to compute f(f(...(f(A)))),
where the function is composed n times:

1: FUNCTION T;(A,n) 1: FUNCTION T5(A,n)
2 IFn=0 2 IFn=0
3: RETURN 4 3 RETURN 4
4 ELSE 4: ELSE
5 RETURN [T1(A,n—D[0]+T1(A,n—1)[1], | 5 B+ Ty(A,n—-1)
Ty (A, —1)[0] — Ty (A, n — D[] 6 RETURN [B[0] + B[1], B[0] — B[1]]

Each time T; or Ty is called, Alef has to pay one dollar. How much money does he save by calling T5([13,37],4)
instead of T7([13,37],4)?

Proposed by Cody Johnson

Solution. If Alef uses T4, then
Ty(A,n) =4(Ty(B,n— 1) +1) = 44T (Cn = 2) + 1) +1) = - = H 4",

Thus,
T1([13,37],4) = 1+ 4+ 4% + 43 +4* = 341.

In a similar fashion, we can write
To(An)=T2(B,n—1)+1=(Ta(C,n—2)+1)+1=---=n+1.

Thus, the difference is 341 — 5 = .

5. We define the weight of a path to be the sum of the numbers written on each edge of the path. Find the
minimum weight among all paths in the graph below that visit each vertex precisely once:

Proposed by Cody Johnson

Solution. Very easy casework shows that up to rotation and reflection, there are three types of paths in

total, of the following forms:

Among all paths of the first kind, the one with the minimal weight has weight

16+11+17+14+ 34194 3+ 9 + min{4 — max{16,11},2 — max{17,14},...}
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which is 77 by inspection. Among all paths of the second kind, the one with the minimal weight has weight

min{9+3+19+3+4+2+min{16+ 17,11 + 14},3+ 9+ 16 + 11 + 8 + 2+ min{19 + 14,3 + 17},...}

which is 65 by inspection. Among all paths of the third kind, the one with the minimal weight has weight

min{3+9+8+4+ 14+ 17+ min{3 + 16,19+ 11}, 16 + 11 + 4 + 2+ 3 + 19 + min{9 + 14,3 + 17}}

which is 74 by inspection. Thus, the minimum weight spanning path has weight .
. Aaron is trying to write a program to compute the terms of the sequence defined recursively by ag = 0, a; = 1,
and

ap—1—ap—2 n=0 (mod?2)
an =
20,1 — Qp—o e€lse

However, Aaron makes a typo, accidentally computing the recurrence by

p—1—an—o n=0 (mod 3)
an =
20y-1 — Qp_o €lse

For how many 0 < k£ < 2016 did Aaron coincidentally compute the correct value of a?
Proposed by Cody Johnson

Solution. Note that the values of ay, the values computed by the original program, and the values of aj,,
the values computed by the program with the typo, are periodic: the original program repeats the sequence
0,1,1,1,1,0,—1,—1, —1 and the program with the typo repeats the sequence 0,1,2,1,0,—1,—1,—1, —1. Since
the elements of aj have a period of length 8 and the elements of aj, has a period of length 9, we just need
to count the number of coincidences in the first 8 - 9 = 72 terms of a; and aj,, since 8 and 9 are coprime.
When the beginnings of the periodic segments of a; and a) are 0 off, there are 7 coincidences. When they
are 1 off, there are 3 coincidences. When they are 2 off, there are 2. When they are 3 off, there are 0. When
they are 4 off, there are 2. When they are 5 off, there are 1. When they are 6 off, there are 3. When they
are 7 off, there are 4. Thus, in the first 72 terms, Aaron accidnetally computes the correct values of ay for
T4+342+0+424+1+3+4 = 22 values. Thus, for 0 < k < 2016, he correctly computes 2016/72-22 = 28-22 =
values.

. Given the list
A=19,12,1,20,17,4,10,7,15,8,13, 14],

we would like to sort it in increasing order. To accomplish this, we will perform the following operation
repeatedly: remove an element, then insert it at any position in the list, shifting elements if necessary. What
is the minimum number of applications of this operation necessary to sort A?

Proposed by Cody Johnson

Solution. Observation: for each pair that is out of order (like (12,1)), at least one of the elements must
be swapped using the algorithm. From this observation, we draw a graph G with vertices representing the
elements of A, and an edge between each pair of vertices that is initially out of order (so the vertex for 12 is
connected to the vertex for 1). Due to the observation, the minimum is at least the size of the minimal vertex
cover of G.
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Let n be the size of a minimal vertex cover of G. We claim n = 6. One such cover is the set {20, 17,12,9, 15, 10}.
Let S be a minimal vertex cover of G. Note that deg{20} = 8 > 6, so 20 € S. Also, after deleting 20,
deg{17} =7 > 5,50 17 € S. After deleting 17, deg{12} =5 > 4, s0 12 € S. Then deg{9} =4 > 3,809 € S.
Then deg{15} =3 > 2, s0 15 € S. Finally, deg{10} =2 > 1, so 10 € S. This is already a vertex cover. (This
deletion process is described in the diagram below)

Now we show that 6 is obtained as the solution to the original problem. Consider the following sequence of
operations:

A=19,12,1,20,17,4,10,7,15,8, 13, 14]
A=[12,1,20,17,4,10,7,15,8,9, 13, 14]
A=11,20,17,4,10,7,15,8,9,12,13, 14]
A=[1,17,4,10,7,15,8,9,12,13, 14, 20|
A =[1,4,10,7,15,8,9,12, 13,14, 17, 20]
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10.

A=[1,4,7,15,8,9,10,12, 13,14, 17, 20]
A=[1,4,7,8,9,10,12,13,14, 15,17, 20]

Thus, the correct answer is @

Consider the sequence of sets defined by Sy = {0, 1}, 51 = {0, 1,2}, and for n > 2,
Sp=8,1U{2"+z |z €S2}

For example, Sy = {0,1,2} U {22 + 0,22 + 1} = {0,1,2,4,5}. Find the 200th smallest element of Sz016.

Proposed by Cody Johnson

Solution. Note that for any n, the elements of S,,_; will all be less than the elements of {2" + x | S,,—2}.
Thus, the 200th smallest element of Sog1 will also be the 200th smallest element of any S; such that the
cardinality of S; is at least 200. Let |-| denote the cardinality of a set. Then, also note that the sequence of
|S;| is the Fibonacci sequence starting from 2, since S,,—1 and {2" +z | S,,_2} are disjoint for all n. Thus, we
look for the 200th smallest element in the S} such that k is the smallest number such that the kth Fibonacci
number is larger than 200. We see that k = 10, which corresponds to the Fibonacci number 233, satisfies this.
Then, the 200th smallest element of S;o will be 21 + -, where z is the 200 — 144 = 56th smallest element in
Sg. The 56th smallest element in Sg is just 28 + 0, since |S7| = 55. Thus, the 200th smallest number element

in 52016 is 210 + 26 = 1024 + 256 = | 1280 |.

Ryan has three distinct eggs, one of which is made of rubber and thus cannot break; unfortunately, he doesn’t
know which egg is the rubber one. Further, in some 100-story building there exists a floor such that all normal
eggs dropped from below that floor will not break, while those dropped from at or above that floor will break
and cannot be dropped again. What is the minimum number of times Ryan must drop an egg to determine
the floor satisfying this property?

Proposed by Cody Johnson

Solution. Here is a strategy to obtain : drop one egg, until it breaks, from floors 12, 12412, 124+12+11,
124124+ 11411, ..., 12412+ - -+ 8+ 8. If it never breaks, then the egg was fake and thus it reduces to the
100-floor, two-egg problem. If it breaks on some floor, then drop both eggs on each floor from the bottom up
until an egg breaks. Its easy to calculate that this strategy will use either 23 or 24 drops in all of the cases.

Now, given any optimal strategy, we can modify it into another optimal strategy so that the strategy consists
of iteratively dropping only one egg. Therefore, it suffices to find an increasing sequence of floors 1 < a7 <
as < -+ < ap_1 <100 < a, that is optimal.

If the egg never breaks then we have made n drops, so we will finish in n + 14 drops. If an egg drops on floor
ay, then we will necessarily need 2(ay — 1 — agx—1) more drops. Thus, we want to minimize

max{n+ 14,14+ 2(a; — 1),2+2(az — a1 — 1),...,n+ 2(a, —an—1 — 1)}.
By the averaging principle, we have

n(n+1)/2+2(a, —n) - n(n + 1)/2+2(100—n).

max{14+2(a;—1),2+4+2(az—a1-1),...,n+2(ap—an—1—1)} >
n n

When n <9, this is > 24. When n > 11, n+ 14 > 24. Therefore, n = 10, which already means the maximum
is at least 24.

Given zg € R, f,9: R — R, we define the non-redundant binary tree T(xq, f, g) in the following way:

(a) The tree T initially consists of just g at height 0.

(b) Let vg,...,v; be the vertices at height h. Then the vertices of height h + 1 are added to T by: for
i=0,1,...,k, f(v;) is added as a child of v; if f(v;) € T, and g(v;) is added as a child of v; if g(v;) € T.

For example, if f(z) =z + 1 and g(x) = 2 — 1, then the first three layers of T'(0, f, g) look like:



CHMIMI 2016

Ay
/ 0\

2 -2

If f(z) = 1024z — 2047|z/2] and g(z) = 2z — 3|x/2] + 2|x/4], then how many vertices are in T'(2016, f, g)?
Proposed by Cody Johnson

Solution. First we change f, g to binary string operations. For the first one, note that f(z) = 2!%(x —
|2/2]) + |x/2], which, for strings of length < 11, transforms the string of digits dig...d1dy — dodyo .. .d1,
preserving that the length is < 11. For the second one, note that f(z) = v+ (x — 2|2/2]) — (|z/2] — 2|x/4]).
If x is an integer = 0,3 (mod 4), then (z — 2|x/2]) — (|z/2] — 2|x/4]) = 0 so the input remains unchanged.
If z is an integer = 1 (mod 4), then (xz — 2|z/2]) — (|z/2] — 2|z/4]) = 1, so f(dig...d201) = dyg...d210.
If = is an integer = 2 (mod 4), then (z — 2|z/2|) — (|z/2] — 2|x/4]) = =1, s0 f(dio...d210) =djg...d201.
Therefore our operations are putting the last digit as the first, and swapping the last two digits if they differ.

Now note that 2016 = 111111000002. We claim that the vertices of T'(2016, f, g) is the set of binary strings of
length 11 with exactly 6 ones. Integrality, number of ones, and length are invariant under f, g, so all elements
of T'(2016, f, g) must be of that form.

Finally, we use a greedy algorithm to prove equivalence. Note that fl%(z) = (fo---o f)(x) = z, so f is
invertible. Given any binary string s with 6 zeros and 5 ones, perform f until the first digit of s is 1. Then
iteratively perform this procedure: find the leftmost 0, apply f until it is the last digit, apply g, and apply
f—1 the same number of times f was applied. Each time, the length of the string of initial ones increases by
1, so eventually it will hit 11111100000.



